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Abstract. General properties of ternary semigroups and groups are consid- 
ered. The bi-element representation theory in which every representation ma- 
trix corresponds to a pair of elements is built, connection with the standard 
theory is considered and several concrete examples are constructed. For clarity 
the shortened versions of classical Gluskin-Hosszii and Post theorems are given 
for them. 

1. Introduction 

Ternary and n-ary generalizations of algebraic structures is the most natural way 
for further development and deeper understanding of their fundamental properties. 
Firstly ternary algebraic operations were introduced already in the XlX-th century 
by A. Cayley. As the development of Cayley's ideas it were considered n-ary gen- 
eralization of matrices and their determinants [22 D2| an d general theory of n-ary 
algebras |151 |3] and ternary rings ^5] . For some physical applications in Nambu 
mechanics, supersymmetry, Yang-Baxter equation, etc. see e.g. ^J|221EI1 The 
statement here is something different and based on our previous preliminary report 
[2] , where also ternary algebras and ternary Hopf algebras were considered. 

The notion of an n-ary group was introduced in 1928 by W. Dornte (inspired 
by E. Nother) which is a natural generalization of the notion of a group and a 
ternary group considered by Certaine 0] and Kasner |13| . 

In this paper we reformulate necessary material on ternary semigroups and 
groups mEOj m abstract language. 

In the (binary) group theory representations were introduced as a matrix real- 
ization of group elements and abstract group action by usual matrix multiplication, 
when one element was described by one matrix. In this paper we propose a new bi- 
element approach to the representation theory of ternary group, when one matrix 
parametrizes two elements of a ternary group. 

An alternative approach to ternary group representations was made in |24| . where 
it was proposed, instead of our operator- valued functions of two variables, functions 
of one variable taking value in a pair of operators (matrices), viz. H wan - m G — > 
(jjwan (x^iqan ^ £ GL (yj x GL (yj with anot h er ana l g of homomorphism. 

Unfortunately, in |2U there were no given concrete examples nor connections with 
derived case. 

Here, using our method, we present several concrete examples and consider con- 
nection with binary case proving the classical Gluskin-Hosszii and Post theorems. 
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2. Ternary semigroups 

A non-empty set G with one ternary operation []:GxGxG—*Gis called 
a ternary groupoid and is denoted by (G, [ ]) or (G,77i/ 3 )). We will present some 
results using second notation, because it allows to reverse arrows in the most clear 
way. In proofs we will mostly use the first notation due to convenience and for 
short. 

If on G there is a binary operation (i.e. m^) such that [xyz] — [x y) z, 

i.e. 

(1) m (3) = m (2) o (m (2) x id 



for all x,y,z £ G, then we say that [ ] (respectively m^) is derived from 
(respectively from m^) and denote this fact by (G, [ ]) = der(G, 0) (respectively 



by = m$l). If 

[xyz] = ((xQy)Qz)Qb 

holds for all x,y,z £ G and some fixed b £ G, then a groupoid (G, [ ] is b-derived 
from (G, 0). In this case we write (G, [ ]) = der fc (G, 0) (cf. 0IH])- 

We say that (G, [ ] is a ternary semigroup if the operation [ ] is associative, i.e. 

if 

(2) [[xyz] uv] — [x [yzu] v] = [xy [zuv]] 
holds for all x, y, z,u,v £ G, i.e. 

(3) m (3) o (m^ x id x idj = to (3) o nd xm^ x id) = m^ 3) o ^id x idxm' 3 'j . 

Obviously, a ternary operation m\' derived from a binary associative operation 
m*- 2 ) is also associative in the above sense, but a ternary operation [ ] which is 
6-derived from an associative operation is associative in the above sense, if and 
only if b lies in the center of (G, 0). 

Fixing one element in a ternary operation we obtain a binary operation. A 
binary groupoid (G, ©), where x y — [xay] for some fixed a £ G, respectively 

G, J , where 



(4) = o (id xo x id) , 

is called a retract of (G, [ ]) and is denoted by ret (G, [ ]). In some special cases 
described in [7HSI we have (G, 0) = ret Q (der b (G, 0)) and (G, ©) = ret c (der d (G, 0)), 
but in general (G, 0) and ret a (der(,(G, 0)) are only isomorphic 

Lemma 1. If in the ternary semigroup (G, [ ]) there exists an element e such that 
for all y £ G we have [eye] = y, then this semigroup is derived from the binary 
semigroup ret e (G, [ ]), i.e. (G, [ ]) = der(ret e (G, [ ])), and this semigroup is derived 
from the binary semigroup (G, m^ 2 '), where 

(5) m { p = m (3) o (id xe x id) . 

Proof. Indeed, if we put x®y = [xey], then (x®y)®z = [[xey]ez] — [x[eye]z] — [xyz] 
and x ® (y ® z) — [xe[yez]] = [x[eye]z] — [xyz], which completes the proof. □ 

The same ternary semigroup (G,m/ 3 ' ) ) can be derived from two different (but 
isomorphic) semigroups (G, ®) and (G, o) (^G, m^^j and ^G, m^^j). Indeed, if 
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in G there exists a 7^ e such that [aya] = y for all y £ G, then by the same 
argumentation we obtain [xyz] = ioi/oz for ioj = [xay] . In this case for 
ip(x) — x o e = [xae] we have 

x © y — [xey] — [x[aea\y\ — \\xae]ay] = (xoe) oy = ip(x) o y 

and 

(p(x ®y) = [[xey]ae] — [[x[aea]y}ae] = [[xae}a[yae]} — f>{x) o ip(y). 

Thus (p is a binary homomorphism such that (/?(e) = a. Moreover, for ip{x) — [eax] 
we have 

ip(ip(x)) = [ea[xae\] = [e[axa]e] = x, 
tp(ip(x)) — [[eax]ae] — [e[axa]e] = x 

and 

ip(xoy) — [ea[xay]] — [ea[x[eae]y]] = [[eax]e[aey]] = ip(x) ®ip(y). 
Hence semigroups (G, ©) and (G, o) are isomorphic. 

Definition 2. An element e € G is called a middle identity or a middle neutral 
element of (G, [ ]), if for all x £ G we have [exe] = x, i.e. 

(6) m (3) o (e x id xe) = id . 
An element e £ G satisfying the identity \eex\ = x, i.e. 

(7) m (3) o (e x e x id) = id 

is called a left identity or a left neutral element of (G, [ ]). Similarly we define 
a right identity. An element which is a left, middle and right identity is called a 
ternary identity (briefly: identity). 

There are ternary semigroups without left (middle, right) neutral elements, but 
there are also ternary semigroups in which all elements are identities. 

Example 1. In ternary semigroups derived from the symmetric group 5*3 all ele- 
ments of order 2 are left and right (but no middle) identities. 

Example 2. In ternary semigroup derived from Boolean group all elements are 
ternary identities, but ternary semigroup 1-derived from the additive group Z4 has 
no left (right, middle) identities. 

Lemma 3. For any ternary semigroup (G, [ ]) with a left (right) identity there 
exists a binary semigroup (G, 0) and its endomorphism fi such that 

[xyz] = x fi(y) z 

for all x,y,z £ G. 

Proof. Let e be a left identity of (G, [ ]). It is not difficult to see that the operation 
x © y = [xey] is associative. Moreover, for (i(x) = [exe], we have 

fi(x) fj,(y) = [ [exe] e [eye]] = [[exe][eey]e] = [e[xey]e] = /x(x © y) 

and 

[xyz] — [x[eey][eez]] — \\xe[eye]]ez] — x n(y) z. 
In the case of right identity the proof is analogous. □ 
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Deflnition 4. We say that a ternary groupoid (G, [ ]) is: 

a left cancellative if [abx] = [aby] =>• x — y, 

a middle cancellative if [axb] = [ayb] =>• x — y, 

a right cancellative if [xab] = [ya6] =>■ x = y 
holds for all a,b £ G. 

A ternary groupoid which is left, middle and right cancellative is called cancella- 
tive. 

Theorem 5. A ternary groupoid is cancellative if and only if it is a middle can- 
cellative, or equivalently, if and only if it is a left and right cancellative. 

Proof. Assume that a ternary semigroup (G, [ ]) is a middle cancellative and [xab] = 
[yab]. Then [a6[xa6]] = [a&[yafe]] and in the consequence [a [tea] 6] — [a[bya]b] which 
implies x = y. 

Conversely if (G, [ ]) is a left and right cancellative and [axb] = [ayb] then 
[a[ax6]6] = [a [ay b] b] and [[aax]66] = [[aay]6i>] which gives x = y. □ 

The above theorem is a consequence of the general result proved in 

Definition 6. A ternary groupoid (G, [ ]) is called u-commutative, if 

(8) [xix 2 x 3 ] = [x CT (i ) x (J (2)a; CT (3)] 

holds for all x\,X2,x 3 £ G, i.e. if = o a. If (JSJ holds for all a e S3, 
then (G, [ ]) is a commutative groupoid. If Q holds only for a — (13), i.e. if 
[a;ia;2a;3] = [13X2X1], then (G, [ ]) is called semicommutative. 

The group S3 is generated by two transpositions; (12) and (23). This means that 
(G, [ ]) is commutative if and only if [xyz] = [yxz] = [xzy] holds for all x,y, z G G. 
As a simple consequence of Theorem [S] from we obtain 

Corollary 7. If in a ternary semigroup (G, [ ]) satisfying the identity [xyz] = [yxz] 
there are a, b such that [axb] — x for all x € G, then (G, [ ]) is commutative. 

Proof. According to the above remark it is sufficient to prove that [xyz] — [xzy]. 
We have 

[xyz] = [a[xyz]b] = [ax[yzb]] — [ax[zyb]] — [a[xzy]b] — [xzy]. 

□ 

Mediality in the binary case is 

(9) (xQy)Q (zQu) = (xQ z)Q (y&u) . 

This can be presented as a matrix = f X ^ ~\ , read from left by rows and 

from top by columns as => x y (see PP). 

=^ z u 

Remark 1. In the binary case a middle cancellative semigroup is commutative, 
and so for groups mediality coincides with commutativity. 

In the ternary case instead of A^> we have 3x3 matrix which should be 
read similarly. 
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Definition 8. A ternary groupoid (G, [ ]) is medial if it satisfies the identity 
[[a;iiXi2Xi3][x2iX22X2 3 ][a;3ia;32a;33]] = [[x 11 X2xx 31 ][xx 2 X22X32] [a;i3^23a;33]], 

i.e. 

(10) m (3) o (m (3) x rn (3) x m (3) ) = m (3) o (rn (3) x m (3) x m (3) ) o a mediaU 

i _ /123456789\ _ c 

wnere Gmedial — 1,147258369/ fc 9 ' 

It is not difficult to see that a semicommutative ternary semigroup is medial. 

An element x such that [xxx] = x is called an idempotent. A groupoid in which 
all elements are idempotents is called an idempotent groupoid. A left (right, middle) 
identity is an idempotent. 

3. Ternary groups 

Definition 9. A ternary semigroup (G, [ ]) is a ternary group if for all a, 6, c G G 
there are i,y,z£ G such that 

(11) [xab] = [ayb] = [abz] — c. 

One can prove JU| that elements x,y,z are uniquely determined. Moreover, ac- 
cording to the suggestion of one can prove (cf. [Sj) that in the above definition, 
under the assumption of the associativity, it suffices only to postulate the existence 
of a solution of [ayb] = c, or equivalently, of [xab] = [abz] = c. 

In a ternary group the equation [xxz] — x has a unique solution which is denoted 
by z — x and called skew element (cf. |3]), or in the other notation 

m (3) o (id x id x •) o D {3) = id, 

where (x) — (x, x, x) is a ternary diagonal map and 7 : x — > x. As a consequence 
of results obtained in we have 

Theorem 10. In any ternary group (G, [ ]) for all x,y, z S G the following relations 
take place 

[xxx] = [iii] = [xx x] = x, 
[yxx] = [yxx] = [xxy] = [xxy] = y, 
[x y z] = [z y x], 
x = x. 

Since in an idempotent ternary group x = x for all x, an idempotent ternary 
group is semicommutative. From the results obtained in jS] (see also |5]) for n = 3 
we have 

Theorem 11. A ternary semigroup (G, [ ]) with a unary operation ~ : x — > x is a 
ternary group if and only if it satisfies identities 

[yxx] = [xxy] = y, 

or in other notation 

m (3) o (id x id x") o (id xflP'J = Pn, 
m (3) o (id x ■ x id) o (d { ^ x id) = Pr 2 , 
where (x) = (x, x) and Pri (x, y) — x, Pi2 (x, y) = y. 
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Corollary 12. A ternary semigroup (G, [ ]) is an idempotent ternary group if and 
only if it satisfies identities 

[yxx] = [xxy] = y. 

By Lemmata ternary group with an identity is derived from a binary group. 

Remark 2. The set 5 I 3\^3 of all odd permutations with ternary operation [ | 
defined as composition of three permutations is an example of a noncommutative 
ternary group which is not derived from any group (all groups with three elements 
are commutative and isomorphic to Z3). 

From results proved in [2] follows 

Theorem 13. A ternary group (G, [ ]) satisfying the identity 

[xyx] = y 

or 

[xyx] = y 

is commutative. 

The most important theorem is 

Theorem 14 (Gluskin-Hosszu). For a ternary group (G, [ ]) and fixed element 
a 6 G there exist a binary group (G, ©) = ret (G, [ ]) and its automorphism tp such 
that <p(a) = a and 

(12) [xyz] — x ® (p(y) ® ip 2 (z) ® b, 

where b — [a a a] . 

Proof. Let a e G be fixed. Then the binary operation x ®y = [xay] is associative, 
because 

(x © y) © z = [[xay]az] = [xa[yaz]] = x © (y © z). 

In (G, ©) an element a is the identity, [aia] inverse of x. (p(x) = [a x a] is an 
automorphism of (G, ©). The easy calculation proves that the above formula holds 
for b = [a a a}, (see |H] and |7j). □ 

One can prove that the group (G, ©) is unique up to isomorphism [7j- From the 
proof of Theorem 3 in it follows that any medial ternary group satisfies the 
identity 

[xyz] = [xyz], 

which together with our previous results shows that in such groups we have 

[xyz] = [zyx]. 

But x — x. Hence, any medial ternary group is semicommutative, thus any retract 
of such group is a commutative group. Moreover, for ip from the proof of Theorem 
1141 and ip(b) = b for b = \aaa] we have 

ip(ip(x)) = [a[axa]a] = \aa [xaa]] = x 
Corollary 15. Any medial ternary group (G, [ ]) has the form 

[xyz] — x ip(y) © z Qb, 

where (G,0) is a commutative group, ip its automorphism such that ip 2 = id and 
b G G is fixed. 
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Corollary 16. A ternary group is medial, if and only if it is semicommutative. 

Corollary 17. A ternary group is semicommutative (medial), if and only if there 
exists a £ G such that [xay] = [yax] holds for all x,y G G. 

Corollary 18. A commutative ternary group is 6-derived from some commutative 
group. 

Indeed, f(x) = \axa] = [xaa] = x. 

Theorem 19 (Post). For any ternary group (G, [ ]) there exists a binary group 
(G*, ©) and H < G*, such that G*/H ~ Z 2 and 

[xyz] = x © y © z 

for all x,y, z S G. 

Proof. Let c be a fixed element in G and let G* = G x Z 2 . In G* we define binary 
operation © putting 

(z,0)®(y,0) = (Nc],l) 
(x,0)®(y,l) = (M,0) 
(x,l)®(y,0) = ([xcy],0) 

(z,l) © (y,l) = ([ajpy],l). 

It is not difficult to see that this operation is associative and (c, 1) is its neutral 
element. The inverse element (in G*) has the form: 

(^O)" 1 = (x,0) 
(x,!)- 1 = ([cxc],l) 

Thus G* is a group such that H = {(a;, 1) : x € G} < G*. Obviously the set G 
can be identified with G x {0} and 

x©?/© z = ((x,0) © (y,0)) © (z,0) = ([xyc], 1) © (z,0) 

= ([[xyc}cz},0) = ([xy[ccz]],0) = ([xyz],0) = [xyz], 

which completes the proof. □ 

The original proof of this theorem uses some equivalences of sequences of ele- 
ments from G (see |19|). Our proof is based on some general method presented 
in Note that group G* satisfying all conditions formulated in our theorem is 
called covering for ternary group (G, [ ]). Our construction gives the free covering 
group in this sense of universal algebras. From results obtained in |Hj it follows 

Proposition 20. All retracts of a ternary group (G, [ ]) are isomorphic to the 
normal subgroup H of G* from the previous theorem, i.e. 

ret a (G,[])~ff <G*. 
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4. Binary representations of ternary groups 

For a given ternary group (G, [ ]) denote by (G x G, *) a semigroup with the 
following binary multiplication 

(13) (x,y) * (u,v) = {[xyu] ,v) . 

Obviously, for all x, u, v G G we have (x,x) * (u, v) = (x, x) * (u, v) = (u, v), which 
means that (x, x) and (x, x) are left (but not right) unities in (G x G, *). Generally 
{x, x) ^ (x, x). But for all x,y G G we have also (x, y)*(y, y) = (y, y)*(x, y) = (x, y), 
i.e. each element (x,y) has a "private" unit. Moreover, any element (it, u), u G G 
is a left unit. 

The semigroup (G x G, *) is left (but not right) cancellative, i.e. (a, b) * (x, y) — 
(a, b) * (c, d) implies (x, y) — (c, d). Moreover, (G x G, *) is also a right quasigroup, 
i.e. for every (a, b) , (c, d) € G x G there exists only one (x,y) e G x G such that 
(a, 6) * (x, y) = (c, d). Similarly it is not difficult to see that for each a, b, c, d G G 
there are uniquely determined x,y G G such that (a;, a)*(6, c) = (a, y)*(b, c) = (d, c). 

Let V be a vector space over K and End V be a set of linear endomorphisms of 

V. 

Definition 21. A left representation of a ternary group (G, [ ]) in V is a map 
n L : G x G -> End V such that 

(14) 1T L (xi,x 2 ) o U L (23,2:4) = n L ([X1X2Z3] ,Xi) , Vxi,X2,x 3 ,x 4 G G 

(15) n L (x,x) = idy, Vx G G. 

Replacing in (|15|l x by x we obtain n L (x, x) = idy, which means that in fact 
(|T3|l has the form U L (x, x) = U L (x, x) = idy, Vx G G. 

Lemma 22. For all x±, X2, X3, X4 e G we have 

n L ([xix 2 x 3 ] ,x 4 ) = n L (xi, [x 2 x 3 x 4 ]) . 

Proof. Indeed, we have 

n L ([xix 2 x 3 ] , X4) = n L ([xix 2 x 3 ] ,x 4 )on L (x,x) 

= n L ([[xix 2 x 3 ] x 4 x] , x) = n L ([xi [x 2 x 3 x 4 ] x] , x) 

= u L (xi, [x 2 x 3 x 4 ]) o n L (x,x) = n L (xi, [X2X3X4]) . 

□ 

Note also that for all x, y, z G G we have 

(16) II L (x, y) = IT L ([m], y) = n L (x, z) o n L (z, y) 
and 

(17) n L (x, z) o n L (z, x) = n L (z,x) o n L (x, z) = id v , 

i.e. every n L (x, z) is invertible and (n L (x, z)) 1 = LT L (z, x). This means that 
any left representation gives a representation of a ternary group by a binary group. 
Moreover, if a ternary group (G, [ ]) is medial, then 

n L (xi,x 2 ) o n L (x 3 ,x4) = n L (x 3 ,x4) o n L (xi,x 2 ) , 
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i.e. obtained group is commutative. Indeed, by Corollarv ll7l we have 

n L (xi,x 2 ) o n L (x 3 ,x 4 ) = u L (x!,x 2 ) o u L (3:3,354) n L (x,x) 

= II L ([[xix 2 a:3]x4 x],x) = I1 L ([[a: 3 a:4a;i]a;2 x] , x) 

= n L {x 3 ,x 4 ) o n L (x 1 ,x 2 ) ° n L (21, ar) 
= n L (13,14)0^ (xi,x 2 ). 

If (G, [ ]) is commutative, then also H L (x, y) — II L (y, x), because 

U L (x,y)=II L (x,y)oU L (x,x) = U L {{xy x] , x) 

= n L ([yxx],x) = n L (y,x)o U L (x, x) = Il L (y, x) . 

Thus in the case of commutative and idempotent ternary groups any left repre- 
sentation is idempotent and, in the consequence, (ll L (x,y)) = U L (x,y). This 
means that commutative and idempotent ternary groups are represented by boolean 
groups. 

Proposition 23. Let (G, [ ]) = der (G, 0) be a ternary group derived from a binary 
group (G, 0). There is one-to-one correspondence between representations o/(G, 0) 
and left representations of (G, [ ]). 

Proof. Because (G, [ ]) = der (G, 0), then x y = [xey] and e = e, where e is unity 
of the binary group (G, 0). If tt £ Rep (G, 0), then (as it is not difficult to see) 
H L (x,y) — 7r (x) o 7r (y) is a left representation of (G, [ ]). Conversely, if II L is a 
left representation of (G, [ ]) then n (x) — H L (x, e) is a representation of (G, 0). 
Moreover, in this case H L (x, y) = tt (x) o tt (y). Indeed, by Lemma [221 we have 

U L {x, y) = U L (x, [eye]) = U L ([xey},e) = U L {x, e) o U L (y, e) = it (x) o it (y) 

for all x, y E G. □ 

Let (G, [ ]) be a ternary group and (G x G, *) be a semigroup used to the 
construction of left representations. According to Post ^H] we say that two pairs 
(a, 6), (c, d) of elements of G are equivalent, if there exists an element ieG such 
that [abx] — [cdx]. Using a covering group we can see that if this equation holds 
for some x £ G, then it holds also for all x £ G. This means that 

n L (a, b) = n L (c, d) <S=*> (a, b) - (c, d), 

i.e. 

U L (a,b) = U L (c,d) <S=J> [aba] = [cda] 
for some x £ G. Indeed, if [abx] — [cdx] holds for some x £ G, then 

n L (a,6) ^U L (a,b)oU L (x,x) ^ U L ([abx] , x) 

= Il L ([cdx], x) =U L (c,d)oU L (x,x) = Il L (c,d). 

The converse is obvious. 

Now we consider the second construction. Let (G, [ ]) be a ternary group. On 
G x G we define the following binary operation 

(x,y) o (u,v) = (u, [vxy]) 
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Then (G x G, o) is a binary semigroup which is isomorphic to (G x G, *). This 
isomorphism has the form ip((x,y)) = (y,x). Indeed, 

tp((x,y) o (u,v)) = tp{ [u, [vxy]) ) = ( [vxy],u) 

= ( [y,x,v],u) = (y,x) * (v,u) = (fi((x,y)) * cp((u,v)). 

Basing on this construction we can define 

Definition 24. A right representation of a ternary group G in V is a map n R : 
G x G -> End V such that 

(18) U R (£3, xa) o U r (xi,X2) — H R (xi, [a^2a;3X4]) , Vxi, x 2 , X3, xa £ G 

(19) Il R (x,x) = id v , Vx £ G. 

From dHl-O it follows that 

(20) n R (x,y)=n R (x,[zzy])=~n R (z,y)oIL R (x,z) \Jx,y,z£G. 

It is easy to check that I\. R (x, y) = II L (y, x) = (ll L (x, y)) 1 . So it is enough to 
consider only left representations (as in binary case). 

Example 3. Let G be a ternary group and KG is a vector space spanned by 
G, which means that any element of KG can be uniquely presented in the form 
u = ~Y^i—x kiUii ki £ K, yt £ G. Then left and right regular representations are 
defined by 

n 

(21) IE? eq (xi,x 2 ) u = ^kj [xix 2 yi] , 

z=l 
n 

(22) n^ eg (xi,x 2 ) m = ^ h [yjXix 2 ] , 

i=i 



5. Middle representations 

Now we build another type of representations using the following construction. 
For a given ternary group (G, [ ]) we define on G x G op , where G op is a ternary 
group having opposite multiplication, the following ternary operation ( ) putting 

(23) {(xi,yi),(x 2 ,y 2 ),(x 3 ,y 3 )) = {[x l x 2 x 3 ], [2/32/22/1]) 

for all xi,X2,X3,yi,y 2 ,y3 £ G. It is not difficult to see that (G x G, ( )) is a 
ternary group as a direct product of ternary groups. This group is commutative 
(medial, idempotent), if and only if (G, [ ]) is commutative (respectively: medial, 
idempotent). It is clear that 

((x,y), (x,y), (a,b)) = ((a,b), (x,y), (x,y)) = (a,b) 

{{x,y), (x,y), (a,b)) = ((a,b), (x,y), (x,y)} = (a,b) 

for all x, y,a,b £ G. This means that in the group (G x G, ( )) the element skew to 
(a;, y) has the form (x, y), where x is skew in (G, [ ]) . 

Using lt2"3"|l we construct the middle representations as follows. 
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Definition 25. A middle representation of a ternary group G in V is a map 

fT M : G x G -> End V such that 

(24) 

n M (#3,2/3) °n M (i 2 ,!/2)on M (#1,2/1) = n M ([a^a^ai] , [2/12/22/3]) , ^1,0:2,2:3,2/1,2/2,2/3 e 
(25) n M (*, 2/) o n M (ar, y) = n M (2?, y) o n M (x, y ) = id v Vx,y e G. 

It is seen that a middle representation is a ternary group homomorphism II : 
GxG op -> der End V. Note that instead of |S>J one can use U M (x, y)oU M (x, y) = 
idy after changing x to x and taking into account that x = x. 

Remark 3. In case elements x and y are idempotent we have II (x, y)o!l M (x, y) — 
idy, which means that the matrices II M are Boolean. Thus all middle representa- 
tion matrices of idempotent ternary groups are Boolean. 

In general, the composition II (xi,yi) o H M (£2,2/2) is not a middle represen- 
tation, but the following proposition holds. 

Proposition 26. IfH M is a middle representation of a ternary group (G, [ ]), then 
for any fixed z G G 

1. Let Il^(x,y) = H AI (x,z) o II M (y,"z) is a left representation of (G, [ ]), then 
U^(x,y)oIlL(x',y') = Il^([xyz'],y') 1 

2. Let Ilf (x, y) — II (z, y) o II M (z, x) is a right representation of (G, [ ]), then 
n*(x,y)all?,(x',y')=nx(x,[yx'y']). 

Proof. The proof is a verification of the corresponding axioms. □ 
In particular, (Hf) is a family of left (right) representations. 

Corollary 27. If a middle representation II M of a ternary group (G, [ ]) satisfies 
U M (x,x) — idy for all x S G, then it is a left and right representation and 
II M (x, y) = n M (y, x) for all x,y £ G. 

Proof. Indeed, 

Il M (x,y)=U M ([xyy},[yzz}) 

= Il M (x, z) o IT M (2/, z) o U M (y, y) = U M (x, z) o U M (y,z) = L(x, y). 

Similarly 

IL M (x,y)=U M ([zzx],[xxy}) 

= u M (z, y) o n M (z, x) o n M ( Xl x) = n M (z, y ) o n M (z, x) = r(x, y ) 

and 

U M (x,y)=n M ([xyy],[yxx}) 

= n M (x,x) o U M (y, x) o U M (y, y) = U M (y, x), 
which completes the proof. □ 
Observe that in general U.^ g (x,x) ^ id. 

It can be shown that for regular representations we have the following commu- 
tation relations 

n re S 0l,2/l) U ?eg (#2,2/2) = ^reg (#2,2/2) ° ^reg (#l,2/l) ■ 
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Proposition 28. For a finite (or countable) ternary group (G, [ ]) left and right 
representations are unitary. 

Proof. Take a scalar product ( , ) in KG which makes G an orthonormal basis, i.e. 
(g, h) = S g j t . Then the unitarity follows from uniqueness of solutions to the group 
equations [xyg] = h (see (till L □ 

6. Relation between representations 

Let (G, [ ]) be a ternary group and let (G x G, ( )) be a ternary group used to 
the construction of the middle representation. In (G, [ ]) (and in the consequence 
in (G x G, ( )) ) we define the relation 

(a, b) ~ (c, d) -<=>• [azb] = [czd] 

for all z G G. It is not difficult to see that this relation is a congruence in (Gx G, ( )). 
For regular representations H^ g (a, b) = U^ g (c, d) if (a, b) ~ (c, d). 

Thus in Example H we have H M (a, b) = U M (c, d) (a + b) = (c + d) mod 3. 
Hence, the computation of middle representations can be reduced to the computa- 
tion only of three cases II M (0, 0), II M (1, 0), n M (2, 0). 

So we have the following relation 

a ^ a' a = [xa'x] for some x G G 

or equivalently 

a ~ a' a' = [xax] for some x G G. 

It is not difficult to see that it is an equivalence relation on (G, [ ]), moreover, if 
(G, [ ]) is medial, then this relation is a congruence. 

Let (G x G, ( )) be a ternary group used for a construction of middle represen- 
tations, then 

(a, b) ~ (a', b) <^=> a' = [xax] and 
b' = [ybb] for some (x,y) G G x G 

is an equivalence relation on (G x G, ( )). Moreover, if (G, [ ]) is medial, then this 
relation is a congruence. Unfortunately, it is a weak relation. In a ternary group 
Z3, where [xyz] = (x — y + z) (mod 3) we have only one class, i.e. all elements 
are equivalent. In Z4 with the operation [xyz] = (x + y + z + 1) (mod 4) we have 
a ~ a' <^=^ a = a'. But for this relation holds the following 

Lemma 29. If(a,b) ~ (a',b'), then 

trn M (a,6) = trn M (a',6')- 

Proof. We have tr(AB) = ti(BA) for all A,Be EndV. Indeed, 

trn M (a, 6) = trn M ([xa'x], [yb'y] ) - tr (ll M (x,y) o n M (a', 6') o n M (af,y)) 
= tr (n M (x,y) o n M (x, y) o n M (a', 6')) = tr (idy o n M (a'6')) 
= trn M (a',6') 

□ 
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We can "algebralize" the above regular representations from the Examplc0]in the 
following way. From l|14(l we have for the left representation 11^ (i, j)oIi^ eg (fc, I) = 
Hreg (h where [jkl] = j — k + l, i, j, k, I £ Z 3 . Denote 7 t L = U^ eg (0, i), i £ Z 3 , 

then we obtain the algebra with the relations J^jj — it+j ■ Conversely, any matrix 
representation of jijj = leads to the left representation by U L — Jj-i- 

In the case of the middle regular representation we introduce jj^i = Il^f. (k, I), 
k,l £ Z 3 , then we obtain 

(26) 1 M 1 M 1 M = 1 M^ i>i|jb€Zs . 

In some sense Ij26|) can be treated as a ternary analog of Clifford algebra. As be- 
fore, any matrix representation of (|26|1 gives the middle representation IT M (fc, I) = 

lk+l- 

In our derived case the connection with the standard group representations is 
given by 

Proposition 30. Let (G, 0) be a binary group, and the ternary derived group as 
(G, [ ]) = der (G,0). There is one-to-one correspondence between a pair of com- 
muting binary groups representations and a middle ternary derived group represen- 
tation. 

Proof. Let n, p £ Rep (G, 0), tt (x) o p (y) = p (y) o n (x) and U L £ Rep (G, [ ]). We 
take 

U M (x,y)=7r(x)op(y- 1 ), 
tt (x) = n M (x, e) , 
p(x) = U M (e,x). 

Then using (|24[1 we prove the needed representation laws. □ 

Let (G, [ ]) be a fixed ternary group, (G x G, ( )) a corresponding ternary group 
used in the construction of middle representations, ((G x G)* , ®) a covering group 
of (GxG, ( )), (GxG,o) =re<( a b )(GxG, ( )). If II M (a, b) is a middle representation 
of (G, [ ]), then it defined by 

7r(x,y,0) =n M (x,y) 

and 

Tr(x,y,l) = U M (x,y)oR M (a,b) 
is a representation of the covering group. Moreover 

p(x, y) = n M (x, y) o n M (a, b) = tt(x, y, 1) 

is a representation of the above retract induced by (a, b). Indeed, (a, 6) is the 
identity of this retract and p(a,b) = H (a, b) o II M (a, b) = idy. Similarly 

p{(x,y) o (z,u)) = p(((x,y), (a, b), (z,u))) = p([xaz], [uby]) 

= n M {[xaz],[uby])) oIi M (a,b) 

= U M (x, y) o n M (a, b) o n M (z, u) o n M (a, b) 

= p(x,y) o p(z,u) 

But t(x) = {x,x) is an embedding of (G, [ ]) into (G x G, ( )). Hence p de- 
fined by p{x,Q) = H M (x,x) and p(x, 1) = H M (x,x) o LI M (a,a) is a representa- 
tion of a covering group G* for (G, [ ]) (see Post theorem for a — c). On the 
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other hand, f3(x) — H M (x,x) o H M (a,a) is a representation of a binary retract 
(G, • ) —ret a (G, []). That (3 can induce some middle representation of (G, [ ]) (by 
Gluskin-Hosszii theorem) . 

Note that in a ternary group of quaternions (K, [ ]), where [xyz] = xyz(— 1) = 
—xyz and xy is a multiplication of quaternions (—1 is a central element) we have 
1 = —1, —1 = 1 and x = x for others. In (K x K, ( )) we have (a, 6) ~ (—a, —6) and 
(a, —6) ~ (—a, 6), which gives 32 two-elements equivalence classes. The embedding 
t(x) = {x,x) suggest that H M (i,i) — ir(i) ^ 7r(— i) — n M (— i,— i). Generally 
n M (a, b) £ n M (-a, -6) and TL M (a, -b) £ Il M (-a, b). 

The relation (a, b) ~ (c, d) <=> [aba;] = [cdx] for all x G G is a congruence on 
(G x G, *). Note that this relation can be defined as "for some x" . Indeed, using a 
covering group we can see that if [abx] — [cdx] holds for some x then holds also for 
all x. Thus 7r L (a, b) = II L (c, d) (a, b) - (c, d). Indeed 

n L (a,6) = U L (a,b)oU L (x,x) = U L ([a b x],x)) 

= n L ([c d x],x)) = U L (c,d)oIl L (x,x) = U L (c,d). 

Proposition 31. Every left representation of a commutative group (G, [ ]) is a 
middle representation. 

Proof. Indeed, 

Ii L {x,y) o U L {x,y) = U L ([x y x],y) 

= Tl L ([xxy],y) = Tl L (y,y)=id v 

and 

U L (xi,x 2 ) o U L {xz,Xi) o Tl L (x 5l x 6 ) = T1 L ([[xiX2X 3 ]x4X 5 ], x 6 ) 

= Tl L ([[X1X3X2]X4:X 5 ], Xq) = Tl L ([X1X31X2X4X5]], x e ) 

= II L ([xix 3 [x 5 X4X2]), x e ) = U L ([xix 3 x 5 ], [x 4 x 2 a: 6 ]) = T1 L ([xix 3 x 5 ], [x 6 X4X2])- 

□ 

Note that the converse holds only for middle representations such that II (x,x) = 
idy- 

Theorem 32. There is one- one- correspondence between left representations of 
(G, [ ]) and binary representations of the retract ret a (G, [ ]). 

Proof. Let Tl L (x,a) is given, then define p(x) = H L (x,a) is such representation 
of the retract which can be directly shown. Conversely, assume that p(x) is a 
representation of the retract ret a (G, [ ]). Define H L (x,y) = p(x) o p(y) _1 , then 
n L (x, y) o H L (z, u) = p(x) o /9(y) _1 o p(z) o p(u) _1 = p(x ® (y) _1 ° ®z) o p(u) _1 = 
p([[x a[aya]]a z])op(u) _1 = p([x y s])op(u) _1 = H L ([xy z],u) which completes 
the proof. □ 

Remark 4. It is seen that Proposition |2S1 is a direct consequence of this theorem. 



7. Matrix representations 
Now we give examples of matrix representations for concrete ternary groups. 
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Example 4. Let G = Z3 3 {0,1,2} and the ternary multiplication is [xyz] = 
x — y + z. Then [xyz] = [zyx] and = Q, 1 = 1, 2 = 2, therefore (G, [ ]) is an 
idempotent medial ternary group. Thus H L (x,y) = H R (y,x) and 

(27) n L (a, b) = n L (c, d) <S=^ (a - b) = (c - d)mod 3. 

Straightforward calculations give the left regular representation in the manifest 
matrix form 



K eq (o, o) = n£, (2, 2) = m (1, 1) = n« (0, 0) 



nf es (2,2) = n« 5 (i,i) 



reg 



[1] ©[1]©[1], 



n* 9 (i,o) = n£ 9 (0,2) 



1 


73 


~2 


2 


V3 


1 


2 


~2 



11^ (2,1) =11^ (1,0) =11^ (0,2 




1 

1 

1 

R 



n^ e _ (2, 0) = (1,2) = n^ e _ (0, 1) = n" (2, 1) 



1 

1 

1 



n* (2,0) 



5 + ^ 



reg 

1 

1 
1 



= [1] 



1 1 r 



1 1 



V3 



Consider the middle representation constructions of Examples |3] and 0] 
Example 5. The middle regular representations from Example [3] is defined by 



n 

IL^fg (xi, x 2 ) u = ^2 h [xiyiX 2 ] 

i=l 



For regular representations we have 



(28) 
(29) 



Af 
reg 

M 
reg 



(xi, yi) o nf eff (x 2 , y 2 ) = nf efl (ya, 2/i ) 

(xi,yi) o (x 2 ,y 2 ) 



o U^ eg (x 1 ,x 2 ) , 



n«„ (xi,x 2 ) on* (1/2,2/1) 
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Example 6. For the middle regular representation matrices we obtain 



iC, (o,o) = n£,(i,2) = n£, (2,i) 



n£.(o,i) = iC, (i,o) = n- (2,2) = 



tM 

v reg 



M 
reg ' 



iC (o,2) = n- (2,o) = n- (1,1) = 



tM 

*reg 



M 
reg ' 




Example 7. The above representation n^ g of (Z 3 , [ ]) is equivalent to the orthog- 
onal direct sum of two irreducible representations 



iC, (o, o) = re, (i, 2) = (2, i) = [i] e 
re n,o) = ie (2,2) = [i]e 



-i 
o 



Keg (0, 1) 



11^(0,2) 



ie 9 ( 2 ,o) 



n£ fl (M) 



[1] 



1 


V3 " 


2 

V3 


2 
1 


2 


~2 - 


1 






2 

V3 


2 

1 




2 


~2 - 





i.e. one-dimensional trivial [1] and two-dimensional irreducible. 

Remark 5. In this example Il M (x,x) = n M {x,x) ^ id v , but Il M (x, y)o!i M (x, y) 
idy, and so n M are of second degree. 

hef us consider a more complicated example of left representations. 

Example 8. het G = Z 4 9 {0, 1, 2,3} and the ternary multiplication is 

(30) [xyz] = (x + y + z + l)mod4. 

We have the multiplication table 



[x, y, o] 



[x, y, 2] = 



/ 1 


2 


3 




2 


3 





1 


3 





1 


2 


V o 


1 


2 


3 J 


( 3 





1 


2 \ 





1 


2 


3 


1 


2 


3 





V 2 


3 





1 J 



[x,y, l] 



[x, y, 3] = 



/ 2 
3 


V 1 

/ o 
1 

2 

V 3 



1 \ 

2 

3 

J 

3 \ 

1 

2 y 



Then the skew elements are = 3, 1 = 2, 2 = 1, 3 = 0, therefore (G, [ ]) is an 
(nonidempotent) commutative ternary group. The left representation is defined by 
expansion U^ eg (xi,x 2 ) u = Y^i=i ^ [ x i x 2j/i], which means that 

n re 9 (X,y) \Z >= | [xyz] > . 
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Analogously, for right and middle representations 



nf e , fay) \z>=\ [zxy] >, 



n 



M 
reg 



(x,y) \z>=\ [xzy] > . 



Therefore | [xyz] >= \ [zxy] >= | [xzy] > and 



nf 



-reg { X , V) = Keg ( X > V) \ Z >= Keg ( X , V) \ Z >) 

so Hreg ( x ,y) = n^ eff (x,y) = (x,y). Thus it is sufficient to consider the left 
representation only. 

In this case the equivalence is H L (a, b) = n L (c, d) <^=> (a + b) = (c + d)mod4, 
and we obtain the following classes 



(0,0) 



ni„(i,3) 



reg 



(0,1) 



reg 

/ 1 \ 

10 

10 

\ 1 / 

/ 1 \ 

1 

10 

\ 1 / 



Keg (2,2) 



H-reo (3, 1) 



= 1 



^reg (2,3) 



Ml 



'-'-reg 



(3,2) 



[1]©[-1] ©[-!]©[-!]. 



reg 



(0,2) 



(i, i) 

/ 1 \ 

10 

1 

\ 1 / 



ni„ (2, o) 



reg 



(3,3) 



K req (o,3) = n^ 



n 



[1] © [-1] © [i] © [-i] 



reg (2,1)= Keg (3,0) 

[1] © [-1] © [1] © [1] 



' i eg (1, 2) 

/ 1 \ 
10 
10 

\ o o o i I 

It is seen that, due to the fact that the ternary operation (|30|l is commutative, there 
are only one-dimensional irreducible left representations. 

In a similar way one can extend other notions of the classical group representa- 
tion theory to the ternary group case. This includes, e.g. direct sum and tensor 
product of representations, characters, irreducibility (Schur lemma), equivalence of 
representations etc. 

Acknowledgments. A.B. is grateful to K. Glazek and Z. Oziewicz for interest- 
ing discussions, and S.D. would like to thank Jerzy Lukierski for kind hospitality 
at the University of Wroclaw. 
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